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Assignment 3

1. (Revised) Establish the identity
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How to explain an odd function is now expressed as the sum of even functions?

z € [0, 7).

2. Show that there is a countable subset of C[a,b] such that for each f € Cla,b], there is
some ¢ > 0 such that || f — g|lcc < € for some g in this set. Suggestion: Take this set to be
the collection of all polynomials whose coefficients are rational numbers.

3. Let f be continuously on [a, b] X [¢,d]. Show that for each € > 0, there exists a polynomial
p = p(z,y) so that
I1F =pll <& in a6 x [e,d].

In fact, this result holds in arbitrary dimension.

W

. Let {¢r}, k > 1, be an orthonormal set R[a,b]. Show that for every f € Rla,b],

b
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This is called Bessel inequality.

5. Same as in the previous problem but now the index set A could be arbitrary, for instance,
an uncountable set. Show that for each f € R[a,b|, there exists a countable subset B
from the index set such that < f, ¢, >o= 0, for all &« € A\ B. Hint: Show that the set
{BeA: < f,pn>2>1/k}is a finite set for each k > 1.

6. (a) Let S be the vector subspace in C[0, 1] spanned by the polynomials 1,z and x2. Find
an orthonormal set in S which spans S.
(b) Find the quadratic polynomial that minimizing the L?-distance from 1/(1 + ) to S.
7. The Legendre polynomials are given by

_ 1 ad[(«®-1)"]
—onp) dx™ ’

o+ 1 =
n
n=0

forms an orthonormal set in R[—1,1].

P,(x) n>0.

(a) Write down Py, --- Pj.
(b) Show that

(c) Verify that each P, is a solution to the differential equation
([@=2*]y) +n(n+1)y=0.

8. Let f,g € Ror. Show that

T (o)
/ fg=2mapco + E (ancn + bndy,),
- n=1

where a,, b, and c,, d, are respectively the Fourier coefficients of f and g.
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9. Establish the following identities:

(a)

1 T
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Hint: Use the function f(x) = |z| and the odd function g(z) = z(7m — ).



